A meshless local method of approximated particular solutions (LMAPS) is used to analyze problem described by the convectiondiffusion equation. The method solves the steady convection-diffusion equation with reaction term. The discretized system of equations is derived via interpolation procedure using integrated multiquadrics (MQ) radial basis functions (RBF). The solution of the equation is performed over simple geometry with non-uniform velocity field and results are presented in the article. The LMAPS method is capable to produce stable solutions with results comparable to the analytical solutions.
Introduction
Meshless approaches of approximated particular solution are receiving increased attention due to their accuracy associated with the special type of RBF function used and the flexibility they offer as the meshing requirements are either eliminated or reduced.
The main drawback of mesh-based numerical methods is the requirement of the mesh generation, which may be difficult to process during the numerical implementations, especially for multi-dimensional problems. In order to avoid mesh generation process many meshless numerical methods, such as the local boundary integral element method (LBIEM) [1] , smoothed particle hydrodynamics (SPH) method [2] , meshless strong (collocation) method [3] and meshless local Petrov-Galerkin method (MLPG) [4] have been developed.
The local method of approximated particular solution (LMAPS) was proposed by Cheng et al. and was applied to elliptic problems [5] and non-linear problems [6] . In LMAPS the domain is covered by cloud of scattered nodes. In the work on LMAPS reported so far, the support of the any computational node is taken to be a simple subdomain in a shape of a circle though in theory the domain can be of any shape, with the computational node in the centre of the circle. The most often used interpolation for field variables were the moving least-squares, though Sellountos and Sequeira [7] used augmented thin plate spline (ATPS) radial basis functions (RBFs) for interpolation of the field variable and gradients over the circular boundaries.
The LMAPS formulation used in this article represents a stable, accurate solution tool. Numerical experiment of the quasi two-dimensional linear convection-diffusion-reaction equation solution is presented in the article with the comparison against the analytical solution, which verifies the performance of the LMAPS.
Localized method of approximated particular solutions
In order to apply the LMAPS, the following procedure may be adopted to solve physical variable u with any given differential operator. Even though the implementation details of the LMAPS are quite similar to the meshless collocation methods, its origin follows the globally defined method of approximated particular solution (MAPS) (see [8] ). In this study the LMAPS is treated as special case of the meshless collocation method with the support domain concept already included in the formulation. The area of interest Ω with the boundary ∂Ω is covered by points within the area and also on the global boundary (see Fig.1 ). Consider a local circular (or any simple shape e.g. rectangle) sub-domain Ω s centered at every point s. This sub-domain is called support domain and using the points in a particular support domain any function can be expressed using just nodal values as
where NS is the total number of computational nodes in the support domain, F is the radial basis function, x is coordinate vector and α i are the local weighting coefficients to be determined. Because the values of u expressed using (1) at the computational nodes should be the same as u specified in these nodes, we can write following matrix expression Fα u (2) where
Since F is invertible, we will obtain the unknown weighting coefficients as
Now, for operators concerned in solving convection-diffusion-reaction equations, we firstly consider the operator with highest order, the Laplace operator ∇ 2 , and let
where f is the radial basis function with the essential condition as f=∇ 
where φ is the vector of shape functions Laplacian. We apply similar procedures to the gradient operator ∇ and we get
where γ j is the vector of shape function gradients and subscript j represents the coordinate of the gradient. The processed operators may now be applied directly into numerical implementations, which discretize the governing equations and the essential conditions into formulation of linear systems. All boundary conditions in this paper have also been processed using the LMAPS.
LMAPS implementation of convection-diffusion equations

Integrated multiquadrics radial basis functions
The trial function basis used in the LMAPS incorporates multiquadrics RBF, but different approach than the standard meshless collocation methods is adopted. In the case of LMAPS the MQ-RBF [8] represents the form of basis function after differentiation using highest order operator. To obtain the basis function, MQ-RBF needs to be integrated. In this article the two-dimensional integrated multiquadrics radial basis function (integrated MQ-RBF) is used as the basis function F. The MQ-RBF c r r f (10) and the integrated MQ-RBFs [8] c 11) where r depicts the distance between the collocation points and c is a shape parameter.
XXVI R-S-P Seminar 2017, Theoretical Foundation of Civil Engineering
c r c c r c r r F 2 2 3 2 2 2 2 ln 3 1 4 9 1 (
Handling derivative boundary conditions
Strong-form methods can produce accurate results for partial differential equations, when the boundary conditions are all of Dirichlet type. If there is any derivative boundary condition, the accuracy of the solution deteriorates drastically, and the solution can be unstable; small changes in the setup of the problem can lead to a large change in the solution.
The discretized system equation behaves like an ill-posed problem in which errors introduced into the system are magnified in the output. A number of strategies can be used to impose the derivative boundary conditions in the strong form methods. The method using fictitious points is used in this article to enforce the pressure gradient on the boundary. Along the derivative boundaries, a set of fictitious points is added outside the problem domain. In this case, two sets of equations are established at each derivative boundary node, one for the derivative boundary condition, and the other for the governing equation.
In this section, the numerical procedures for the approximation of the convectiondiffusion-reaction equations via the LMAPS will be explained. The solved equation is assumed in following form: 
Numerical example
The example used is a convection-diffusion-reaction equation with variable velocity field and reaction term as given in subchapter 3. The velocity field is defined as 0 ; 2
The analytical solution of the above problem [9] for L=1 m and D=1 m 2 s -1 is given by
Though the analytical solution is 1D, the solution is a 2D one since the code needs to accurately predict that in the y-direction the potential is constant for a given x, i.e. u(x,y)=u(x), and also that the flux is zero in the y-direction. This example is particularly challenging to solve because the velocity changes direction inside the domain. For example, for k=10 and 40 it is in opposite direction to the x-axis for x smaller than 0.15988 and 0.41497, respectively, and is in the direction of the x-axis for x larger than 0.15988 and 0.41497, respectively. The conservation of mass forces the solution to have high gradients in the part of the domain close to x=0, in order for the diffusion to counterbalance the convection in the opposite direction to the x-axis. The maximum Peclet numbers for the examples are Pe max =8.4, for k=10, and Pe max =23.4 for k=40. This example has been used as a benchmark in a number of previous studies [9, 10, 11] . Two values of k were considered: 10 and 40. The analytical results and the numerical results obtained by using the LMAPS for the case of k=10 and k=40 are shown in Fig. 2 . Fig. 3 shows that the results obtained from the meshless approach agree well with the analytical results. In Table 1 the value of potentials obtained using the LMAPS are compared with the analytical solution (16), the results obtained using the DRM-MD (dual reciprocity-multiple domain) [9] , RBIEM (radial boundary integral equation method) [9] and the results obtained using Galerkin FEM (finite element method). In this case the main comparison of the accuracy of the method is considered to be with the RBIEM approach. The relative errors for the potential obtained using the four numerical methods are given in the same table. The relative error is calculated by the following formula:
where u i n is the analytical solution for u and u i are potential values at node i obtained by the numerical method. It can be seen that the LMAPS produced results with accuracy comparable with RBIEM. 
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Conclusions
A meshless method based on the strong formulation and combined with the local support domain approach has been proposed for solving the convection-diffusion equation. The strong form of convection-diffusion equations is solved at each node. Integrated radial basis (RBF) function interpolation is applied in order to obtain the values of the field variable.
The current approach does not require any integration over the domain or boundary of the model but the application of Neuman type boundary condition requires use of "ghost" points in order to apply the governing equation together with boundary operator of the boundary condition. The accuracy of the method has been compared with the accuracy of the RBIEM, DRM-MD with overlapping sub-domains and the FEM. In all cases the current approach has shown equal to superior accuracy to the formulation which uses a mesh. Though the method has been applied to 2D problems, extension of the approach to 3D problems is straightforward.
